Multisoliton Excitations for the Kadomtsev-Petviashvili Equation
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By means of the standard truncated Painlevé expansion and a special Backlund transformation,
some exact multisoliton solutions are derived for the Kadomtsev-Petviashvili equation. The evolu-
tion properties of the multisoliton excitations are investigated and some novel features or interesting
behaviors are revealed. The results show that four straight-line solitons are annihilated or produced
with the time increases, which is very similar to the completely nonelastic collision among electrons

and positrons.
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1. Introduction

Lately, owing to a seed function, the multilinear
variable separation approach (MLVSA) has been de-
veloped well for many (2+1)-dimensional integrable
systems [1] such as the Davey-Stewartson (DS) equa-
tion [2], the Nizhnik-Novikov-Veselov(NNV) equa-
tion [3], the asymmetric NNV (ANNV) equation [4],
the asymmetric DS (ADS) equation [5], the disper-
sive long wave equation (DLWE) [6], the Broer-Kaup-
Kupershmidt (BKK) system [7], the higher-order
BKK system [8], the nonintegrable (2+1)-dimensional
Korteweg-deVries (KdV) equation [9], the long wave-
short wave interaction model (LWSWIM) [10], the
Maccari system [11], the Burgers equation [12], the
(2+1)-dimensional sine-Gordon (2DsG) system [13]
and the general (N+M)-component AKNS sys-
tem [14]. Using the MLVSA results, scientists have
found that the formula

2(agag — aqay) Pxly 1)
(a0 + a1 p+ axq+ agpa)?

is valid for suitable fields or potentials of all the above-
mentioned models. In (1), p = p(x,t) is an arbitrary
function of {x,t}; = q(y,t) may be either an arbitrary
function for some kinds of models such as the DS sys-
tem, the NNV system and the 2DsG system or an arbi-
trary solution of a Riccati equation (or heat conduction
equation) for some other systems; ag, a1, a, and ag are
constants.

Because of the arbitrariness of the functions pand g
included in the universal formula (1), various types
of multiple localized excitations with or without com-
pletely interacting behavior can be constructed. Two
types of the completely nonelastic behaviors — the soli-
ton fusion and fission phenomena — were well stud-
ied [7-9,15,16]. That is to say, for a physical model,
two or more solitons may fuse into one soliton at a
special time, while sometimes one soliton may fission
into two or more solitons at other special time. To
our knowledge, however, another nonelastic behavior
— the soliton annihilable phenomenon — has seldom
been mentioned up to now. In this paper, we concen-
trate our attention on the MLVSA for the Kadomtsev-
Petviashvili (KP) equation. Although we couldn’t find
the suitable seed function, some special types of mul-
tisoliton solutions of the KP equation are derived via
a Painlevé-Bécklund transformation and the MLVSA.
Except for several existing classical solitons, the re-
sults show that four straight-line solitons are anni-
hilated or produced with the time increasing, which
is very similar to the completely nonelastic collision
among electrons and positrons.

It is shown in Section 2 that the novel localized so-
lutions for the KP equation are first derived; and then,
several classical solitons and the soliton annihilable
and producing phenomena of the KP equation are re-
vealed. A short summary and discussion is presented
in Section 3.
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2. Novel Soliton Solution of the KP Equation and
itsLocalized Structures

The KP equation

U = uxxx+6uux+38;1uyy (2)

was first introduced by Kadomtsev and Petvi-
ashvili [17] in order to study the stability of one-
dimensional solitons against transverse perturbation.
The multisoliton solutions for the KP equation were
obtained by various methods, for instance, the inverse
scattering method [18], Hirota method [19], bilin-
ear Backlund transformation [20], trace method [21],
Wronskian technique [22].

Here, for simplicity, we introduce a transformation
V= 8;1uy and change the KP equation into a set of two
coupled nonlinear partial differential equations:

Ut = Uxxx + BUUx + 3y, (©))

Uy = Vy. (4)

We consider the following Painlevé-Bécklund transfor-
mation for uand vin (3) and (4):

u=2(Inf)x, v=2(Inf)yy, (5)

which can be derived from the standard truncated
Painlevé expansion [f = f(x,y,t) is a function of
variable x, y and t to be determined]. Substituting
(5) into (3) yields a trilinear equation of f, while (4) is

a)
p=(C+Co&)e &5 +Cq, if A=k(ke?+16l)=
b)
—ck+\/k(k02+1el)é —ck—1/ k(kc?+161) éj
p=Cie 8 +Ce W " +GC,
c)

e (c:lcos‘/ kc+16 J;-+Csn‘/ kc+16 )

The constants Cq, Cy, C3 in (11) —(13) are arbitrary.

satisfied identically under the above transformation,
which reads

(frt — Frovoox — 3Txyy) F2 (5 Foox e — 2 Foox Fxx
—8fon s+ 27 f — 617 =

We take f as

ag+ a1 p(x,t) +axq(y,t)
+ as p(X,t)q(y,t),

f(x,y,t) =
(X y,t) @)

where the variable separation functions p = p(x,t) and
g = q(y,t) are functions of the indicated variables,
while ag, a1, ap, as are arbitrary constants.

Inserting the ansatz (7) into (6), we obtain two vari-
able separated equations:

Pt = 4P+ CPxx, (8)
Ok = —Cay, 9)
where c is an arbitrary constant.
Equation (9) has the general solution

q(aly—ct) +b),

where g(a(y — ct) + b) is an arbitrary function of
a(y—ct)+band a, b are two arbitrary constants.

As to (8), although we can’t derive its general solu-
tion, when taking £ = kx+ It +m (the constants k, |,
mwill be determined later), we obtain:

ayt) = (10)

(11)
if A=k(kc?+16l) > 0; (12)

+GCs, if A=k(kc®+16l)<0. (13)

Finally, we obtain the MLVSA solution of the KP equation as follows:

_ 2(ay +a30)((a0 + &1 p+ axq+ a3pq) Px — (a1 + 830) p) (14)

- (a0 +a1p+ a0+ agpq)? ’

_ _ 2(a08s — 18)pxy (15)
(a0 +a1p+ a0+ azpa)?’

where the related functions p= p(x,t), = q(y,t) are expressed by (11)-(13) and (10), respectively.
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Fig. 1. (a) Plot of a pair of dromions for the physical quantity U expressed by (17) at timet =0; (b) Plot of a pair of
solitoffs for the physical quantity U expressed by (18) at time t = 0.

Ina (2+1)-dimensional system, one of the most important matters are the existing localized coherent structures,
such as dromions, solitoffs and so on. Here, we present several typical localized excitations for the KP equation
through the potential U = uy, where u is expressed by (14).

We know that a dromion excitation is localized in all directions. When taking the functions p in (11) and g
in (10) as

p=(C1+Cpf)e %" 4 Cy,q= eKV-V+M, (16)

and the coefficientsasC; =1,C, =C3=0,a0=1,a1 =2, &y =3,a3=4,k=-2,1 =05 m=0,K=1,M =4
and c =2, we get

e—bery-Htra _ oa—dxry-$ti4 4 3e X2y~ 148 _ go-px+2y-Ft+8

3
4 (1 420~ Xt ist 4 3ey-2+4 | ge—dXHY- %t+4)

which is localized in all directions to the fixed time t. Figure 1a shows the structure of a pair of dromions for the
quantity U at the timet = 0.

A single solitoff, which is called a half-straight-line soliton solution, can be depicted when the functions p
and g are just as (16) and the coefficientsareC; =1,C, =C3=0,a90=0,a1 =1, a0 =2,a3 =3, k=-2,1 =0.5,
m=0,K=1, M =4 and c= 2. Figure 1b shows the structure of a pair of solitoffs for the physical quantity U
expressed by

1 15 1 63 1 31
e XHY- gt _ 0 gX+2y—gtH8 | 39— 2X+2y— 48

o 1,1 1 31 3 (18)
4 (e*K”TG‘ + 2y~ 2H4 4 3e 1Y E”“)
atthe timet =0.
When taking the functions p in (12) and qin (10) as
—ck+\/k(k02+1el)é —ck—\/k(kcz-%—lel)é 1 1
p=Cie” 8  °+4Ce 8  °4Cs q=eBY Spessnf (19)
and the coefficientsasC; =1,C, =C3=0,a9=a; = That is, there exists an evolution from dromions to
a =1 a3=0, k=-0.08 | = —-0.002048, m= 5, solitoffs. Figure 2a shows the whole structure for the

and ¢ = 0, we get a more interesting structure for the  physical quantity U at the time t = 0.9. To see more
physical quantity U than we have ever seen before.  clearly, we divide the region y € [0,18] into three suc-
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Fig. 2. (a) Plot of an evolution from dromions to solitoffs for the physical quantity U with the condition (19) at timet = 0.9.
(0), (c), (d) Plots of the vivid structure in successive regions y € [0, 6], [6,8.5] and [8.5,18], respectively, corresponding to (a).

cessive regions y € [0,6],[6,8.5] and [8.5,18], and we
can see the vivid evolution structure from Figs. 2a,b
and d, respectively.

In fact, we can derive a general exponential solution
for the functions p and g of (8) and (9), that is

p=Co +Zcek.x+l<1 (4kij+c) t+m (20)
i=1
N
g= CO + ZCieKi (y—ct)+M; , (21)
i=1

where ¢g, ¢, ki, mi, ¢, Co, Ci, K; and M; are arbitrary
constants and M, N are positive integers.

At present, we turn our attention to the annihilable
behavior of the multisolitons for the KP equation. For
example, if selecting the constants in (20) and (21) as

M=N-=2,
=c=C=k=m=mp=1k=-1
C=C=CG=K =M =My =1,K; =-1,

(22)

we can derive a annihilable local coherent structure for
the physical quantity U depicted in Figure 3. Here, we

setag =10,y =ap = —1, a3 =1 and c = 2, so that
the physical quantity

U=-18 (e—y+2t+1 _ ey—2t+l) (ge—x—2t+l

| QeXTOHl _ g2x-y 143 | o2xtyt10t+3

_ e72X7y72t+3 _ e72X+Y*6t+3 T 6e*y+6t+3 (23)
n 6ey+2t+3) J(9+ QXYHB2 | gxyALe2

xX— —_ _ 3
4o X2 Xty 4t+2) )

From Fig. 3, we can see that the four straight-line
solitons are annihilated with the time increasing. This
novel phenomenon indicates that their interaction is
completely nonelastic, which is very similar to the
completely nonelastic collision among electrons and
positrons.

Along with this line and using the similar analysis,
when taking

M=N=2,
G=C=C=k=m=m=1k=-1, (24)
C=C=CG=Ki=M=My=1 K, =-1,

=45 a=a=1 a=-1 c=-2,
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Fig. 3. The annihilable evolution of four straight-line solitons for the physical quantity U (23) attimes: (a)t =
(c)t=5; ()t =10.
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Fig. 4. The producing evolution of four straight-line solitons for the physical quantity U with the condition (24) at times:
@t=-13;(b)t=0; (c)t =5; (d) t =10.
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one can find that four straight-line solitons for the
physical quantity U are produced with the time in-
creases. The corresponding plots are depicted in Fig-
ure 4.

3. Summary and Discussion

With the help of the Painlevé-Backlund transfor-
mation and the multilinear variable separation ap-
proach, some exact multisoliton solutions are derived
for the KP equation. Based on the multisoliton ex-
citations, several localized coherent soliton structures
can be constructed by selecting appropriate functions.
The evolution property among some local structures
for the KP equation is discussed and the result show
novel property and interesting behavior: the interaction
among four straight-line solitons is annihilable or pro-
ducing at different circumstances. This means that the
interaction can be completely nonelastic, even though
there was completely elastic behavior in some previous
papers.

Although we have given some exact multisoliton so-
lutions, it is obvious that there are still many signif-
icant and important problems waiting for further in-
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